We consider three modes A, B, and C and derive monogamy inequalities that constrain the distribution of bipartite continuous variable Einstein-Podolsky-Rosen entanglement amongst the three modes. The inequalities hold without the assumption of Gaussian states, and are based on measurements of the quadrature phase amplitudes X i and P i at each mode i = A,B,C. The first monogamy inequality involves the well-known quantity D I J defined by Duan-Giedke-Cirac-Zoller as the sum of the variances of (X I − X J )/2 and (P I + P J )/2 where [X I ,P J ] = δ I J . Entanglement between I and J is certified if D I J < 1. A second monogamy inequality involves the more general entanglement certifier Ent I J defined as the normalized product of the variances of X I − gX J and P I + gP J , where g is a real constant. The monogamy inequalities give a lower bound on the values of D BC and Ent BC for one pair, given the values D BA and Ent BA for the first pair. This lower bound changes in the absence of two-mode Gaussian steering of B. We illustrate for a range of tripartite entangled states, identifying regimes of saturation of the inequalities. The monogamy relations explain without the assumption of Gaussianity the experimentally observed saturation at D AB = 0.5 where there is symmetry between modes A and C.
I. INTRODUCTION
Entanglement is the major resource for many applications in quantum information processing, including quantum key distribution and teleportation. According to quantum mechanics, the amount of entanglement that exists between two parties A and B puts a constraint on the amount of entanglement that can exist between one of those parties (B say) and a third party, C. This fundamental result is called monogamy of entanglement.
If the entanglement between two parties A and B can be quantified, it is useful to be able to place a numerical bound on the quantifiable entanglement between the parties B and C. A quantifiable monogamy relation involving the concurrence measure of bipartite entanglement was derived for three qubit systems by Coffman, Kundu, and Wootters [1] . Since then, interest in entanglement monogamy has expanded [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Adesso et al. [4] [5] [6] formulated monogamy relations for systems involving Gaussian states [16] and continuous variable (CV) measurements. Barrett et al., Masanes et al., and Toner et al. investigated the monogamy of Bell nonlocality [11, 12] . Monogamy relations for the nonlocal correlations associated with the Einstein-Podolsky-Rosen (EPR) paradox and EPR steering have been studied in Refs. [13] [14] [15] . EPR steering is a strict form of entanglement not realized for all bipartite entangled states [17] [18] [19] [20] [21] .
In this paper, we derive monogamy relations for continuous variable Einstein-Podolsky-Rosen entanglement. In their original paradox, EPR considered two particles with correlated positions and anticorrelated momenta [22] . Similar correlations can be realized for the quadrature phase amplitudes X A,B and P A,B of two quantized modes A and B, if, for example, the modes are prepared in a two-mode squeezed state [23] [24] [25] . In this case, similar to the original paradox, the variances of X A − X B and P A + P B vanish in a limit of infinite two-mode squeezing [23] . Tan and Duan-Giedke-Cirac-Zoller (DGCZ) showed that entanglement between the two modes A and B can be certified if the sum or product of these two variances drops below a critical level [26, 27] . The widely-used Tan-DGCZ criterion states that entanglement between modes I and J is certified if D I J < 1, where D I J is the sum of the variances of (X I − X J )/2 and (P I + P J )/2 (we take [X I ,P J ] = δ I J ) [27] . Since states with D I J 1 can be entangled, the value of D I J does not provide a quantification of entanglement. Nonetheless, the smallness of D I J does provide quantification of a useful form of EPR entanglement since, as one example, the fidelity of the Braunstein-Kimble teleportation protocol depends on the value D I J of the entangled resource [28, 29] .
In Sec. II of this paper, we consider three modes A, B, and C and derive the monogamy inequality
for the DGCZ entanglement parameter D BA , that we call an "entanglement certifier." The relation is derived without the assumption of Gaussian states. The inequality reveals a link with EPR steering: The S B|{AC} is defined as the well-known EPR-steering certifier introduced in Refs. [17] [18] [19] 23, 25, 30] . It is known that EPR steering of mode B (by measurements on the combined system AC) is certified if S B|{AC} < 1 [19, 23, 25] . We see from Eq. (1) 
for the more powerful EPR entanglement certifier Ent I J introduced by Giovannetti, Mancini, Vitali, and Tombesi (GMVT). This quantity is defined as a normalized product of the variances of X I + gX J and P I − gP J , where g is a real constant [27, 31] . Entanglement is certified if Ent I J < 1.
For an important subclass of two-mode Gaussian systems, and provided g and the quadrature phase angles are optimally chosen, this criterion becomes equivalent to the Peres-Simon positive-partial-transpose (SPPT) criterion for the entanglement of two-mode Gaussian systems [29, 32] . In fact, it has been shown [33] for this subclass that Ent I J = ν where ν is the lowest symplectic eigenvalue that defines the bipartite entanglement measured by the logarithmic negativity [4, 5, 30, [32] [33] [34] [35] . This establishes (for that subclass of states) a direct link between the value of Ent I J and the quantifiers of Gaussian entanglement used in the monogamy relations of Refs. [4] . In Eq. (2), the g (sym)
BA and g (sym) BC are parameters defined in Refs. [29, 33] that give a type of quantification of the symmetry between B and A, and B and C, respectively.
The monogamy inequalities (1) and (2) are derived based on the steering monogamy relation of Ref. [13] without the assumption of Gaussianity. The relations may therefore be useful for quantum security applications involving CV EPR entanglement, where it is be advantageous to place a bound on the CV EPR entanglement possessed by a potential third party with as few assumptions as possible about the underlying quantum state.
In Sec. IV, we apply the monogamy relations to two wellknown genuinely tripartite entangled states. These are the CV W -type state and the CV Greenberger-Horne-Zeilinger (GHZ) state, both of which have been created experimentally [36] [37] [38] [39] [40] . For the first state, an EPR steering correlation is maintained between one party B and the two parties A and C, for all values of a final beam splitter coupling. Using analytical expressions, we show that the second inequality [Eq. (2) ] is saturated for this tripartite system, in regimes corresponding to a high degree of tripartite entanglement. We find, similar to the results for qubits [1, 15] , that the inequalities do not saturate for the CV GHZ state. A non-Gaussian example is given in Sec. V.
In Sec. VI, we study the monogamy relations when the CV W -type tripartite state is coupled to the environment to create losses. Such couplings can be asymmetric and may also decrease the amount of Gaussian EPR steering. We thus verify the decrease in distributed bipartite entanglement when the steering variance S A|{BC} increases. We also identify regimes of saturation of the monogamy inequality (2), for almost all values of attenuation of the shared mode (depicted by B in Fig. 1 ), if mode C has been created by an eavesdropper using a 50:50 beam splitter to tap mode A. Finally, we note that the monogamy relation (1) gives a fundamental explanation (without the assumption of Gaussian states) of why the value for D BA cannot reduce below 0.5 for symmetric fields where D BA = D BC , as observed in the experiment of Bowen et al. [41] .
II. EPR-MONOGAMY RELATION FOR THE DGCZ ENTANGLEMENT CERTIFIER
The Tan-DGCZ criterion for certifying entanglement between two modes is defined in terms of the sum of the Einstein-Podolsky-Rosen variances
and is given as D AB < 1 [26, 27] .
is the variance of X. Denoting the boson annihilation operators of each mode byâ andb, we have selected BC . Stricter conditions apply if steering of system B by the combined systems AC cannot be certified using a standard steering criterion.
The criterion D AB < 1 is sufficient (though not necessary) to detect two-mode entanglement, regardless of assumptions about the nature of the two-mode state. For some Gaussian states under certain conditions of symmetry, the entanglement criterion has been shown to be necessary and sufficient for two-mode entanglement [27, 32] . The D AB is said to be a symmetric certifier of entanglement, because the value of D AB is unchanged if the parties A and B are reversed.
A. Result 1
For any three modes A, B, and C, the following monogamy relation holds:
Proof. For convenience, we will use the abbreviated notation 2 X for the variance ( X)
where
2 is the average variance defined as
Here {x A } is the set of all possible outcomes for X A and μ B|x A is the mean of the conditional distribution P (x B |x A ) (defined as the distribution for X B given a result x A for the measurement of X A ). The inequality (5) is derived as a lemma in the Appendix. Similarly, we find that
where we define
The proof of Eq. (4) will now be made by contradiction. Let us suppose that D BA + D BC < 1. This would imply the inequality 2 
Using the identity 2xy x 2 + y 2 (for any real x and y), it would then follow that
Introducing the steering parameter S B|A defined as [19, 23, 25] 
we see that the inequality (9) becomes S B|A + S B|C < 2, which implies S B|A S B|C < 1 (using the identity 2xy x 2 + y 2 ). This contradicts the steering monogamy inequality
proved in Ref. [13] , and in the Supplemental Materials of Ref. [39] . For the sake of completeness, the proof of the steering monogamy inequality is given in the Appendix. The proof is based on the uncertainty relation X B P B 1, and does not require the assumption of Gaussian states.
B. Link with steering
Next we relate the monogamy bound to the steering parameter S B|{AC} , that certifies the steering of the system B by the composite system AC. The steering parameter is defined in this case as
It is convenient to introduce a second steering parameter defined as [23] 
where g
and g (opt) p are real constants chosen to minimize the value of S B|A . The parameterS B|{AC} is then defined as
, and h (opt) p are constants optimized to minimize the value ofS B|AC . We may also consider different choices of measurement at A. Denoting a possible choice of measurement at A by X θ , one can minimize the value of 2 (X B |X θ ) over all such choices. We follow Refs. [23, 25] and denote this minimum value by 2 inf X B|A . A third steering parameter can then be defined as
EPR steering of the system B (by measurements at A) is certified if any of the inequalities S B|A < 1,S B|A < 1, orS B|A < 1 is satisfied. S B|A ,S B|A , andS B|A are thus each certifiers of steering [19] . For the case of two-mode Gaussian systems, the inequalities can provide a necessary and sufficient test of steering, provided g x and g p and the choice of quadrature phase amplitudes X A and P A are suitably optimized [17, 18, 30] . The link between the definitions for two-mode Gaussian states is explained in Ref. [25] .
The next result indicates that the equality D BA + D BC = 1 cannot be satisfied if there is no steering of B by the composite system AC as measurable by the steering parameter S B|{AC} .
C. Result 2
The following inequality holds: 
Using the definition (10) it follows that S B|A + S B|C < 2S B|{AC} . This gives a contradiction, since it has been proved in Ref. [13] that
based on the fact that the accuracy to give an inference of X B cannot be decreased if the extra system C is included with A, so that S B|A S B|{AC} . This is also clear from the definition of the steering parameter S B|{AC} .
We can prove the result forS B|A similarly, by recognizing that [13, 39] and in the Appendix.
III. EPR-MONOGAMY RELATIONS FOR THE GMVT ENTANGLEMENT CERTIFIER
The monogamy relations for the symmetric certifier D AB are useful, since resources satisfying D AB < 1 are required for certain protocols [28, 29] . However, with the motivation to obtain more sensitive monogamy relations, we next derive relations for the more powerful entanglement certifier derived by GMVT. The GMVT entanglement criterion is [31] Ent AB (g AB ) < 1 where
Here, g AB = (g AB,x ,g AB,p ) where g AB,x and g AB,p are real constants that can be optimally chosen to minimize the value of Ent AB (g AB ). The entanglement criterion Ent AB (g AB ) < 1 as given by Eq. (17) holds as a valid criterion sufficient (but not necessary) to certify two-mode entanglement, for any choice of constants g AB,x and g AB,p . For the restricted subclass of Gaussian EPR resources where there is symmetry between the X and P moments (we call this class X-P balanced), the optimal choice will require g AB = g AB,x = g AB,p . In this case, we denote Ent AB (g AB ) by Ent AB (g AB ). The optimal choice is in fact given by g AB = g
AB where [29, 33] 
022313-3
Here n I J and m I J are the covariances defined as n I J = X I ,X I and m I J = X J ,X J . We note that n I J = m J I and n I J = n J I . The minimum value obtained for Ent AB (g AB ) in this X-P balanced case is denoted Ent AB . Specifically,
where g AB = (g AB ,g AB ) and g AB = g
(sym)
AB . It has been shown that g
BA and that Ent AB = Ent BA [29, 33] . It has also been shown that the condition Ent AB (g AB ) < 1 reduces to the Simon-Peres positive partial transpose (PPT) condition for entanglement in the X-P balanced case, provided X and P are suitably optimized [29] . For two-mode Gaussian states and measurements, the Simon-Peres condition is necessary and sufficient for entanglement [32] .
The value g
given by Eq. (18), is an indicator of the "symmetry" of the entanglement with respect to the modes A and B. We refer to g (sym) AB as the symmetry parameter. In the fully symmetric case where g (sym) AB = 1, the condition Ent AB < 1 becomes equivalent to the DGCZ condition D AB < 1. However, the full criterion Ent AB (g AB ) < 1 is required to certify the EPR entanglement of asymmetric bipartite systems (see, for example, Refs. [42] ).
The next result gives monogamy relations for the entanglement certifier Ent AB (g AB ). For any real g AB , the inequality Ent AB (g AB ) < 1 where
will certify entanglement between modes A and B. It has been shown that Ent AB (g AB ) = Ent BA (1/g AB ).
A. Result 3
The monogamy inequality
holds for any real values g BA and g BC , where
The monogamy relation (21) Proof. Using the lemma given in the Appendix and following the explanation of Eqs. (5)- (8), we find that
Here g x and g p are any real constants. Using the definitions given in Eqs. (20) and (10), and with similar definitions for Ent BC , we obtain 
which concludes the proof. The proofs for the steering parametersS B|{AC} andS B|{AC} follow similarly, once we note that 2 
B. Result 4
For any three systems A, B, and C, it follows that
Result 4 tells us that the bound for entanglement distribution is determined by the symmetry parameters g
BA and g
BC . These symmetry parameters are fixed for a given field pair.
Result 4 follows as a special case of Result 3. We select the values of g BA and g BC to be given by Eq. (18), in which case we can write the monogamy relation in terms of the entanglement certifier Ent AB , shown to be equivalent to the Simon-PPT Gaussian entanglement certifier for X-P balanced fields.
A consequence of the monogamy inequality (27) is that where the entanglement between modes A and B is maximum (so that Ent BA → 0) the value of Ent BC → ∞. This is a stronger result than given by the sum relation D BA + D BC 1. The steering parameter S B|{AC} of the system B determines a lower bound on the monogamy relation. If there is no steering of this type, then the overall bipartite EPR entanglement as determined by the smallness of the product Ent BA Ent BC is reduced. The sensitivity, however, may depend on the value of the symmetry parameters, since if g (sym) BC 1 we show in Sec. VI B that it is possible for both pairs BA and BC to share a large degree of bipartite entanglement (as measured by the smallness of Ent I J ). If A and B are systems of observers that want to use their shared entanglement, then the observers at A and B may want to ensure that the CV EPR entanglement between B and C is reduced (meaning a large value of Ent BC ). Knowledge of the symmetry parameter g (sym) BC (in particular factors that would make g (sym) BC large without decreasing the steering of B) would then be useful.
IV. EPR MONOGAMY FOR CV TRIPARTITE ENTANGLED STATES
The relations given by Results 1-4 can be verified for tripartite entangled systems. We consider the continuous variable tripartite states that are generated as shown in the 022313-4 FIG. 2. Configuration for the generation of a CV tripartite entangled system. A two-mode squeezed state is generated using a parametric down conversion (PDC) process. Two-mode entanglement can also be created using single-mode squeezed vacuum states that are input to a beam splitter BS1. Either way, entangled modes B and F are created at the outputs of the first device. Final modes A and C are then created at the output of the second beam splitter BS2, which has a transmission efficiency η 0 and a second vacuum input. CV W-type states are created with a coherent vacuum input; CV GHZ states are created with a squeezed vacuum input. diagram of Fig. 2 [36, 37] . At the output of the device are three modes, that we label A, B, and C. To create the tripartite entanglement, the modes B and F are first prepared in a two-mode squeezed state. Such states possess a bipartite EPR entanglement. This type of entanglement can be generated using a beam splitter BS1 with squeezed vacuum inputs, or using parametric down conversion [23, 24] . The amount of entanglement (two-mode squeezing) between the two modes B and F is determined by a two-mode squeezing parameter r [23] .
The mode F is then coupled to a second beam splitter BS2 which has two output modes, A and C. The transmission efficiency for A is given by η 0 ; that for C is therefore 1 − η 0 . To generate a "CV W-type state," the second input to the beam splitter BS2 is a (coherent) vacuum state. The term "W -type state" is used because (after the creation of modes B and F ) these states are generated similarly to qubit W states [43] , by application of successive beam splitters with coherent vacuum inputs [39, 44] . Alternatively, to generate a CV tripartite Greenberger-Horne-Zeilinger state, the second input to BS2 is a squeezed vacuum state [36, 45] .
Below, we test the monogamy results for the three output modes A, B, and C. The two-mode entanglement between modes B and F (see Fig. 2 ) is described by nonzero covariance matrix elements denoted by n = X 2 B , m = X 2 F , and c = X B X F with X F = P F = · · · = 0. The solutions for the two-mode squeezed state are n = cosh 2r, m = cosh 2r, and c = sinh(2r). The beam splitter coupling is given by a unitary transformation, and we evaluate the covariances between B and A by tracing over the mode C. Similarly, for the calculation of covariances for modes B and C, the mode C is evaluated by tracing over the mode A. Once we obtain the final covariances, we evaluate 
A. CV W-type tripartite entangled states
Below, we test the monogamy results for the three output modes, specified in the diagram of Fig. 2 by A, B , and C and created in a CV W-type state. The genuine tripartite entanglement of this state has been studied in Refs. [39, 46] . For this state, there is an EPR correlation between collective measurements made at A and C and measurements made at B. This manifests as a collective EPR steering of B, by measurements at A and C [47] . Where the squeeze parameter r is larger, there is a greater bipartite entanglement created between modes B and F and the collective steering is greater. The higher value of r also indicates a greater degree of genuine tripartite entanglement between the three modes, as measured by inequalities derived in Refs. [36, 39, 46, 48] .
The 
The expression for D BC is found by replacing η 0 with 1 − η 0 . The monogamy relation of Result 1 is illustrated in Fig. 3 for various η 0 . We notice that D BA 1 for all r when η 0 = 1. For larger r, D BA exceeds 1 for smaller η 0 values, as shown in Fig. 3 . We note the relation is verified, but that saturation (achieved for the equality D BA + D BC = 1) does not occur.
In Fig. 4 we plot the monogamy relation given for the GMVT-SPPT entanglement certifier by Result 4. It can be verified that the symmetry parameters (plotted in Fig. 4 ) satisfy g (sym)
BA , g (sym)
BC > 1 implying that the monogamy bound reduces below 1. We see that g
for η 0 = 0.5. As expected, the result for the monogamy of entanglement in terms of Ent shows a greater sensitivity than that for D. In contrast to the result for D, the monogamy relation is saturated for all values of η 0 in the high r regime. This is verified analytically from the solutions for the covariances, and is evident from the plots given in Fig. 4(b) .
To verify the impact of steering as given by Result 2, we need to consider the value of the steering parameter S B|F . This is given by [23, 49] 
B. CV GHZ tripartite entangled state
A well-known form of tripartite entanglement is created by GHZ states [43, 50] . For these states, however, there is no bipartite entanglement between the mode pairs. The monogamy relations are hence trivially satisfied but not saturated. We illustrate for the CV GHZ tripartite entangled state that is generated using a squeezed input into the beam splitter BS2 in Fig. 2 [36, 37, 45] . Two-mode entanglement between B and F is first generated using two squeezed vacuum states incident to a beam splitter BS1, with η 1 = 1/3 as in Aoki et al. [37] . The CV GHZ state is then generated with the transmission of BS2 being η 0 = 1/2. The covariances and outputs correlations have been derived previously [36, 37] . It is noted that because of the squeezed vacuum input into the second beam splitter the correlations do not possess symmetry with respect to X and P . For large squeezing of the input vacuum states, the correlations satisfy (X I − X J ) → 0 for any I,J = A,B,C and (P A + P B + P C ) → 0, as required for a CV GHZ state. It is clear that, as with the qubit GHZ state, no bipartite entanglement exists between any of the pairs I,J in this limit. In accordance with the definitions given by Aoki et al. [37] , we denote the squeeze parameters for the two vacuum inputs into the first beam splitter as r 1 and r 2 and the squeeze parameter for the input into BS2 as r 3 
V. NON-GAUSSIAN QUBIT W STATE
The monogamy relations given by Results 1-4 apply to nonGaussian states. We may consider both tripartite qubit GHZ and W states. It is straightforward to confirm the relation for the qubit GHZ states, and more similar macroscopic versions of them [51] . This is done by noticing as for the CV GHZ state that no bipartite entanglement remains between any two parties, once the trace over the third party state occurs. A different result is obtained for the qubit W state |W [43] :
Here, the mode pairs are bipartite entangled, , which trivially verifies the monogamy relation of Result 1.
VI. MONOGAMY INEQUALITIES FOR W-TYPE TRIPARTITE ENTANGLED STATES WITH LOSSES

A. Extra losses for the shared mode B
We examine the effect of loss on the CV W-type state, because this state demonstrates a saturation of the monogamy inequalities. In the first instance we consider only losses that might occur on the channel for mode B. We model the effects of extra loss for mode B by coupling the mode B to a beam splitter (BS3). This method [52] models dissipation that occurs after the interaction that creates the entanglement, e.g., due to a lossy transmission line. The final detected mode at the site B is modeled as the mode transmitted through the beam splitter BS3, with transmission coefficient η B . For simplicity, we de- We next analyze the special case of η B = η 0 . This is relevant to the situation where modes A and B are observed to have an equal amount of attenuation, as may be typical in the case where the modes have propagated an equal distance. The aim is to understand the fundamental limitations imposed on the EPR entanglement between B and a third mode C, based on the scenario that mode C is not due to random losses, but has been created by (or is accessible to) an eavesdropper (Eve). The value of D BA can be measured by observers at modes A and B, and that value gives the restriction on the value of D BC based on the monogamy relation D BA + D BC 1. This corresponds to the experimental measurement of Bowen et al. [41] . We note that while the monogamy relation rigorously constrains the values of D BC this is a constraint only on the type of entanglement that is measured by the D BC parameter. The monogamy relations given by Eqs. (1) and (2) do not rule out that Eve may possess entanglement that is not quantified by D BC .
Letting η B = η 0 , we obtain the solutions for this case where the state is generated as in Fig. 2 : Hence we see that D BA = D BC ≈ 0.5 in the highly squeezed limit, r → ∞ [41] . This occurs where the modes A and B have symmetric moments, each being subject to an equal attenuation.
The Result 1 explains the experimental observation of Bowen et al. [41] , where it is observed that D BA cannot reduce below 0.5, for any value of r. In the experiment, both modes B and A have a 50% attenuation: A situation is created where the EPR entanglement between modes A and B gives D BA ∼ 0.5. The Result 1 implies that where D BA = 0.5 is measured, D BC = 0.5 is the minimum value for the DGCZ parameter that any third party C can share with B. Result 1 constrains the EPR correlation between B and C, and is fundamental without the assumption of Gaussianity.
It is also noted that the Bowen et al. experiment creates the modes A and C symmetrically from mode F using a 50:50 beam splitter. Thus, D BA = D BC . In this case, we see that the monogamy relation given by Eq. (1) ensures D BA 0.5 (without the assumption of Gaussian states).
In Fig. 6 we plot the GMVT entanglement monogamy relations and the symmetry parameters for this case (η B = η 0 ). This implies symmetry between A and B so that g (sym)
As η B is varied from 1 (no loss) to zero (high loss), the symmetry parameter g [as seen from the monogamy relation for the symmetric entanglement D BC (Fig. 5) ], this entanglement is highly asymmetric (meaning that the symmetry parameters show large deviation from 1).
Symmetric tripartite states and attenuation for mode B
It is useful to note a second regime of saturation of the monogamy relations for the GMVT entanglement certifier. The plots of Fig. 7 illustrate the case where there is symmetry between modes A and C so that η 0 = 0.5, but where the attenuation for mode B is varied. Here, D BA = D BC and Ent BA = Ent BC . The value of D BA = D BC does not reduce below 1 for all regimes. This does not imply that there is no bipartite entanglement, however, as evident from the value of the GMVT entanglement certifier. In Fig. 7 we plot the monogamy relation for the GMVT certifier and the symmetry parameters. The value of g (sym)
BA becomes small when there is considerable loss at the mode B, so that η B η 0 . Similarly, the value of g (sym) BC is small if η B 1 − η 0 . This implies an increased bound M B for the monogamy relation. We infer numerically from the plots of Fig. 7(a) a regime of saturation of the monogamy relation, where η 0 = 0.5 and η B varies from zero to one. This regime corresponds to collective steering where S B|{AC} < 1, but we note that [unlike the saturation case of Fig. 4(b) ] the steering parameter is not optimal (S B|{AC} > 0).
B. Steering and extra loss for modes A and C
To test the relation of Result 2, we need to consider where steering of B as detected by S B|{AC} is not possible, so that S B|{AC} > 1. This can be done by placing thermal noise on the mode B [53, 54] , or else by adding additional losses to the modes A and C [25, 55] . Without loss or extra thermal noise, S B|{AC} becomes zero in the limit of large r. The smallness of the steering parameter gives a measure of the degree of the steering.
In this section, we test the monogamy relations of Results 2 and 4 by adding dissipation to modes A and C. The extra loss on mode A is modeled by a beam splitter BS4 with transmission (or detection) efficiency η A . The beam splitter has two inputs, mode A and a second mode that is in a vacuum state (denoted by boson operator a vac ). The relevant detected moments after loss are then modeled by those of the transmitted mode, with boson operator Similarly, extra losses for mode C are modeled by a transmission efficiency η C . Hence
The covariances for BC are found from those for BA by replacing η 0 with 1 − η 0 . The steering parameter is changed by the attenuation of modes A and C. The inference of the quadrature phase amplitude of B based on measurements of the amplitudes of A and C cannot be better than the inference based on measurement of the amplitude of F . The quadrature amplitudes of F can be determined from those of A and C in a lossless situation as described above in Sec. IV. The total effective photon number of mode F can be summed from that of modes A and C. The total transmitted photon number with the loss present is given by η 0 η A + (1 − η 0 )η C . The lowest possible value for the steering parameter S B|{AC} in the presence of loss for modes A and C is thus given as the steering parameter S B|F where mode F is attenuated by the transmission factor η F = η 0 η A + (1 − η 0 )η C . The solution is given in Refs. [25, 55] . We find
where η F is the transmission efficiency for mode F and η B is that for mode B. Here we take η B = 1.
As summarized in Ref. [25] , S B|F < 1 for all η F > 0.5, given that η B ,r = 0. For η F 0.5, it is possible to obtain S B|F 1. Figure 8 demonstrates the monogamy relation of Result 2 for both regimes, where we assume η A = η C . In Figs. 8(a) and 8(b) , the extra losses for modes A and C are assumed equal: η A = η C . The steering parameter exceeds 1 in that case when η F = η A < 0.5 [ Fig. 8(b) ]. In Figs. 8(c) and 8(d) we assume no extra loss on the mode C, modeling a best possible scenario for an eavesdropper who has access to mode C. We see that the eavesdropper does not gain access to the DGCZ form of entanglement that is certified by D BC < 1. In Fig. 9 , we demonstrate the GMVT entanglement monogamy relation of Result 4. Both the relevant symmetry parameters become large as the extra loss increases (η A , η C becoming small). The steering reduces (S B|{AC} > 1) and overall the monogamy bound M B also becomes small, despite the lack of collective steering. We note there is entanglement maintained between both parties (Ent BA < 1, Ent BC < 1) over the full parameter range. The bipartite entanglement shows high "asymmetry," however, in the sense that the symmetry parameters plotted in Fig. 9(e) show a large deviation from the value 1. By contrast, the value g (sym) AB = 1 is obtained when the second-order moments are symmetric under interchange A ←→ B. Such symmetric entanglement is detectable using the D BA entanglement certifier.
VII. CONCLUSION
In this paper, we derive monogamy inequalities that constrain the way the bipartite EPR entanglement can be distributed among three quantum modes A, B, and C. We derive relations for two EPR entanglement certifiers: The first certifier is symmetric with respect to the two parties involved and detects a type of entanglement that is required for quantum teleportation using the Braustein-Kimble protocol. The second certifier will detect a larger set of entangled states, but is defined asymmetrically with respect to the two parties. We are able to verify regimes of saturation of the monogamy relations for CV tripartite entangled states, for both pure and mixed states. Moreover, we find that the monogamy is limited by the amount of steering as measurable by a well-known steering certifier.
The monogamy relations hold regardless of the tripartite state involved, and may therefore have application to quantum information protocols where two observers A and B have knowledge of the CV EPR entanglement between them and require knowledge of a lower bound on the CV EPR entanglement between one of their parties B and a third observer, Eve, at site C. If the entanglement is to be used for a quantum cryptography protocol, it is desirable to arrive at such bounds with as few assumptions about the underlying state as possible. The monogamy relations also give extra insight into the observed saturation of the Tan-DGCZ 
To justify the last line, we note the following: For any distribution P (x), the quantity
where c is a constant) is minimized by the choice c = x = x P (x)x. This is proved using simple calculus. We apply this result to the distribution P (x B ) ≡ P (x B |x A ) (x A is fixed). We see that for fixed values of x A , g x , x B , x A f (x A ), it is then possible to write where μ B|x A is the mean of the conditional distribution P (x B |x A ). Thus, using the definition Eq. (6) and taking g x = 1, we arrive at Eq. (5). More generally, we have proved 2 (X B − g x X A ) 2 (X B |X A ), as required. Proof of steering monogamy inequality. Here, we outline the derivation of the steering monogamy result S A|C S A|B 1 where S A|B is defined in Sec. II. This result is proven in Ref. [13] and in the Supplementary Materials of Ref. [39] but is given here for the sake of clarity. The average conditional "inference" variances are defined in Sec. II. We introduce a convenient notation: 2 (X A |O B ) = 2 . Similarly, the observer can make another measurement, denoted Q B , to infer a result for the outcome of P A at A. Denoting the results of this measurement by the set p B , we define the conditional variances as for X A .
A third observer C ("Charlie") can also make such inference measurements, denoted O C and Q C . Let us denote the outcomes of Charlie's measurements (for inferring Alice's X A or P A ) by x C and p C , respectively. Since Bob and Charlie can make the measurements simultaneously, a conditional quantum density operator ρ A|{x B ,p C } for system A, given the outcomes x B and p C for Bob and Charlie's measurements, can be defined. The P (x B ,p C ) is the joint probability for these outcomes. The moments predicted by this conditional quantum state must satisfy the Heisenberg uncertainty relation. That is, we can define the variances of X A and P A conditional on the joint measurements as (X A |x B ,p C ) and (P A |x B ,p C ) and these must satisfy (X A |x B ,p C ) (P A |x B ,p C ) 1.
We also note that 2 
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Here μ A|x B ,p C is the mean of P (x A |x B ,p C ) and we have used the result explained in the lemma that the value of the constant μ that minimizes (x − μ) 2 will be the mean of the associated probability distribution. The required inequality follows on noting the definition of 2 (X A |O B ).
